Abstract. In this paper, we introduce a new class of Hermite multiple-poly-Bernoulli numbers and polynomials of the second kind and investigate some properties for these polynomials. We derive some implicit summation formulae and general symmetry identities by using different analytical means and applying generating functions. The results derived here are a generalization of some known summation formulae earlier studied by Pathan and Khan.
Introduction
The 2-variable Hermite Kampé de Fériet polynomials (2VHKdFP) [3, 5] H n (x, y) are defined as: (1) H n (x, y) = n! y r x n−2r r!(n − 2r)! .
It is easily seen from definition (1) that
H n (2x, −1) = H n (x) and H n (x, − 1 2 ) = He n (x), where H n (x) and He n (x) being ordinary Hermite polynomials [1] . Also
The generating function for Hermite polynomial H n (x,y) are given by [1, 13] :
H n (x, y) t n n! .
For each integers k ≥ 0 and n ≥ 1, the alternating sum T k (n) is defined by
and the generating function is
In [6] , Kaneko introduced and studied poly-Bernoulli numbers which generalize the classical Bernoulli numbers. Poly-Bernoulli numbers B (k) n with k ∈ Z and n ∈ N, appear the following power series: (4) Li
and multiple version of poly-Bernoulli numbers B (k) n are defined in (see [2. , p202, Remark (ii)]):
is the multiple polylogarithm. Recently, Kim et al. [8] introduced the poly-Bernoulli polynomials of the second kind defined by the generating function
Note that
where b n (x) are called the Bernoulli numbers of the second kind (see [4, 11] ). As it is well known, the higher Bernoulli polynomials of the second kind defined by the generating function (see [4, 13] ):
Indeed, we note that
where B (r)
n (x) are called the higher order Bernoulli polynomials of the first kind given by the generating function (see [7, 8, 9, 10] ):
Pathan and Khan [9] introduced the following generalized Hermite-Bernoulli polynomials of two variables H B (α)
n (x, y):
n (x, y) t n n! .
Setting α = 1 in (11), the result reduces to known result of Dattoli et al. [5, p. 386(1.6)]:
The Stirling number of the first kind is given by
and the Stirling number of the second kind is defined by the following generating function to be
In this paper, we consider Hermite multi-poly-Bernoulli polynomials of the second kind H b (k 1 ,··· ,kr) n (x, y, z) and give some formulae of these polynomials related to the Stirling numbers of the second kind. These results extend some known summations and identities of generalized Hermite multipoly-Bernoulli numbers and polynomials of the second kind studied by Qi et al. [11] , Dattoli et al. [5] , Khan [7] and Pathan and Khan [9, 10] .
Hermite multiple-poly-Bernoulli numbers and polynomials of the second kind
In this section, we give a note on Hermite multiple-poly-Bernoulli numbers and polynomials of the second kind and investigate its properties.
we define the Hermite multiple-polyBernoulli polynomials of the second kind H b (k 1 ,k 2 ,··· ,kr) n (x, y, z) by the generating function:
.
(0, 0, 0) are called the multi-poly-Bernoulli numbers of the second kind. From (15), we note that
Thus, we have
n (x, y, z), n ≥ 0. Remark 1. On setting y = z = 0, (15) reduces to the following multi-poly-Bernoulli polynomials of the second kind defined by Qi et al. [11, p.3 Eq.(2.1)]:
Proof. From definition (15), we have
In particular k 1 = 2, we have
Replacing n by n − m in the r.h.s. of above equation, we have
n (x, y, z)
On equating the coefficients of the like powers of t n n! in the above equation, we get the result (20).
Proof. By Definition 1 of Hermite multi-poly-Bernoulli polynomials of the second kind, we have
Replacing n by n − m in the r.h.s. of above equation and comparing the coefficients of t n n! , we get
n ≥ 1. Therefore by (23), we get the result (21).
Theorem 3. For n ≥ 0, and r ∈ N with n ≥ r, we have
Proof. From equation (15), we have
Comparing the coefficients of t n n! , we arrive at the desired result (24). Corollary 1. For n ≥ 0, and r ∈ N with n ≥ r, we have
Proof. Using Definition 1, we have
Comparing the coefficients of t n n! , we get the result (27). Corollary 2. For n ≥ 0, we have
3. Implicit formulae involving Hermite multiple-polyBernoulli polynomials of the second kind
In this section, we derive some implicit summation formulae for Hermite multiple-poly-Bernoulli polynomials of the second kind H b (k 1 ,k 2 ,··· ,kr) n (x, y). We now begin with the following theorems. (w − y) m+n t m u n m!n!
